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It is well known that compact Euclidean space forms correspond, in 
arbitrary dimension , to those space groups which act freely on the under- 
lying Euclidean space [6]. After establishing some general facts, we shall 
investigate h re space groups of this kind whose point groups are either 
generated by reflections (i.e. are crystallographic Coxeter groups) or else 
.are the rotation subgroups of such groups. When PZ < 3, every eligible point 
group belongs to one of these classes, which permits one then to derive the 
space forms from more general principles than those employed earlier by
Nowacki [S] and Hantzsche and Wendt [3]. 
For all notation and definitions regarding space groups, we refer the reader 
to [4]. In particular, let S be a space group acting on an affine space E’, with 
vector space of translations V and suppose fl is the lattice oftranslations in 
S, K the point group of S and S: K -+ V/A the cocycle corresponding toS. 
‘The group S is said to act freely on E if no element of S other than the identity 
has a fixed point. The quotient E/S is then a “space form”; two space forms 
E/S and E/S’ are considered equivalent if S and s’ are conjugate in the a@ine 
group of E. 
The following result is closely related to one proved earlier by Charlap 
12, Theorem 2.21. 
PROPOSITION 1. lj S acts freely on E, then for emy cyclic subgroup <g> 
(of K, the iinage of the cohomology class (5) under the restriction homoirzorphism 
resg :Hr(K, V/A) --+ HY(g>, V/A) is of the same order as (g). Conzrersely, 
if res&) # 0 for a representative set of conjugacy classes of cyclic mbgroups of 
K of p&ae w in&&e order, then S acts freely on E. 
Proof. A point p = Q + v E E will be fixed by an element (a -/- s(g), g) E S, 
where a E A, if and only if g(v) + a + s(g) = v or s(g) = v - g(B) mod, A, 
which means that the restriction of s to (g> is the coboundary corresponding 
to v $ A. 
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If S acts freely on E, then res,{S} # 0 for all g # 1. Furthermore, if 
res,(mS> = 0 for some integer m less than the order of {g), then res,,& = 0 
andg” # 1, a contradiction. Thus the order of res&] equals the order of(g). 
For the converse, first note that one has an isomorphism $,‘ : Hl((g), 
V/A) 3 Hr((hgki), V/A) such that & res, = reshghel . Therefore 
res,($ # 0 for all cyclic subgroups (g) of prime or infinite order. Secondly, 
if g is an element of finite order in K, then some power g” is of prime orderp; 
if res,,(s> # 0, then res&) is also # 0. This shows that 5’ acts freely on E. 
PROPOSITION 2. If S acts freely on E, then 
(a) the order of {g} in HI-(K, V/A) is d ivisible by the exponent of K and is 
infinite if the latter is injkite. 
(b) eooy element of K has a nonzero jixed point in V. 
Proof. The first assertion is evident from Proposition 1, while the second 
follows from the fact that Hi((g), V/A) vanishes if 1 -g is invertible. 
We shall suppose from now on that the elements of K leave invariant a 
positive definite bilinear form on V; then K is finite and S is contained in the 
corresponding Euclidean group of E. Let VK be the fixed subspace of K, V, 
its orthogonal complement in V, AK = A n VK and A, = A n V, . Similarly, 
if g E K, we denote by Vg the fixed subspace of g etc.; we also let O&l) be the 
projection of A on Vg/Ag. If f: {g) -+ V/A is a cocycle and t(g) = x + y 
mod A, where x E Vg and y E V, , it is easily verified that the map f -+ x 
mod Or$!l) establishes an isomorphism 
W(g), v/4 -j (vg/~gM@lgv)~ (1) 
where m is the order of g and (Vg/lg)nz the set of elements annihilated by m 
in Vg/Ag. 
PROPOSITION 3. If S acts freely on E, thm every element of the commutator 
subgroup [K, K] has a nonzero fixed point in V, . 
Proof. Suppose s(g) = s,(g) + sz(g), where s,(g) E VK and sz(g) E V, ; 
the cocycle property of s implies that s,(gg’) - s,(g) - sl(g’) is congruent 
mod A to an element of VK , Therefore if g E [K, K], then s,(g) and thus 
s(g) is congruent mod A to an element of I’, . If Vg were equal to V, formula 
(1) would imply that res,(S) = 0, contrary to proposition 1; hence g must have 
a nonzero fixed point in V, . 
PROPOSITION 4. If S acts freely on E and g E K is such that dim Vg = 1, 
then A =&‘@A,. Furthermore, if g’ E K is another element for which 
dim Vg’ = 1, then either Vg’ = Vg or VQ’ is orthogonal to Vs. 
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Proof. Since dim Vg = 1, (Ve/Ag)m is cyclic of order llz, so that its 
quotient by O?(A) can have an element of order oh only if Org(fl) = 0, 
which means that n = .&J @ fl, . For the second part, let v and v’ be genera- 
tors of & and &‘; we may assume that /I v/j < j/ zi’ 11. If Vg is not orthogonal to 
V’s’, we can write v = av’ + w for some integer a # 0, with w E V,, . 
Since 11 v lj2 = a2 I\ 0‘ )I2 + jj w \I2 , we must have w = 0 and a = -11, so that 
VQ z IA’. 
We now come to our principal results. 
PROPOSITION 5. If K is a crystallographic group generated by reflections, 
there exists a space group with point group K which acts freely on E if and only 
if K is of type A, x -** x A,andF #O. 
Proof. We know from Proposition 3.4 of f4] that HI(K, V/A) is annihiiated 
by 2. It therefore follows from Proposition 2 that the exponent of K must 
divide 2 i.e. that K must be of type A, x **- x A,. Furthermore, VK f 0 
since otherwise --Iv would be in K, contrary to Proposition 2.Conversely, 
suppose (~1~ ,..., elc) is a basis of a root system R in V, for which W(R) = K 
and {sr ,..., sic) the corresponding set of generators of K. Let /l be the lattice 
AK @Q(R), h w ere fix is any lattice in VK and Q(R) is the root lattice ofR. 
Define a cocycle i: K -+ V/A by t(s,) = at+%/2 if i < k and t(sk) = p/2, where p 
is some element of ./lx for which p/2 $ RK. An element g E K can be expressed 
in the form g = si *** si, where i1 < **. < i, . Ifg # 1, the Vg-component of 
t(g) = t(siJ + *.f + t(s$,) mod n contains a,,+r/2 or /3/2 according to whether 
i, < k or i, = k, but in any case cannot belong to 0. Since O&l) = 0, 
Eq. (1) and Proposition 1 imply that the corresponding space group S must 
act freely on E. 
PROPOSITION 6. If K is the rotatiou subgroup of a crystallographic group W 
generated by reJections, there exists a space group with point group K which 
acts freely on E if and only if W is of type A, x --. x A, , B, x A, x -. + x A, , 
A,,&,A, x A,,G, x A,ouA,. 
Proof. In this case, Propositions 5.5 and 5.6 of [l] show that Hr(K, V/A) is 
annihilated by 2, apart from certain exceptions, when it is annihilated by 4 
or 6. Comparing these numbers with the exponent of K, we conclude from 
Proposition 2 that if there exists a space group with point group K which 
acts freely on E, Wean only be A, x *-. x A, , B, x A, x m.0 x A, , A, , 
Gz,A, x A1,G, x A,,A,,A, x A,orA, x G,.Thelasttwocasesare 
ruled out by Proposition 3:if, for example, in the case of A, x A, we choose 
a basis (oIr ,.‘., aa} of a root system R in V, for which W(R) = W, the element 
g = .y&& = [s2sa , s1sJ[s9s1 , &j E [K, Kj has no nonzero fixed points in VX. 
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In the remaining cases, it is possible to find examples of space groups with 
point group K which act freely on E. Let (01~ ,..., 01~) be a basis of a root 
system R in V, for which W(R) = W, the elements gi = s,s, , for i = 2,..., k
then generate K (see [l]). 
(4 We 4. Assume dim VK = 1 and take A to be the lattice 
AK @ d, , where AK is any lattice in VK and A, is spanned by Q(R) and the 
weight wa = (a1 + 2a, + 013)/2. Define a cocycle S: K -+ V/A by s(g,) = p/3 
and s(g,) = wa/2, where {,8} is a basis of AK. To verify the conditions of 
Proposition 1, one can choose (l}, (gz> and {ga) as representatives of the 
conjugacy classes of cyclic subgroups of K. It is clear that resgz{s) # 0. Since 
wa E Vg3, while V9, is spanned by 01~ and 01~ , the element ~a/;! + A@ cannot 
belong to O?(A) and thus res&} # 0. 
(b) Type G, x A, . Assume dim VK = 1 and let A = AK @Q(R). The 
cocycle S: K -+ V/A defined by s(g,) = 01a/6 and s(ga) = p/2, where {/3} is 
a basis of AK, then fulfills the requirements. 
(c) Types A, , G, and A, x A, . Since groups belonging to these types 
are all naturally subgroups of groups of type G, x A, , we obtain by restriction 
from (b) an example in each of these cases. 
(4 We 4 x 4 x *.a x A,.Ifkisodd,weletdimVK=k--2nd 
take n to be AK @ AK , where AK is spanned by Q(R) and all elements of the 
form (CX~ + ol,)/2, with i, j 2 3. The cocycle S: K -+ V/A is defined by s(g,) = 
t&8 01J/4 and s(g,) = ,BJ2 for i > 3, where @a ,..., &} is a basis of AK. If k 
is even, we let dim VK = k - 1, take A, as before, but require that A be 
spanned by AK @ (1, and all elements of the form pa/2 + 01~12 for i > 3, 
where h% ,..., Pd is a basis of AK. The cocycle S: K -+ V/A is then defined by 
s(gJ = (A + Xi>3 +)/4 and s(gi) = Pi/2 for i t 3. 
(e) Type A, x -*a x A, . The, existence of an example in this case 
follows by restriction from Proposition 5. However, if k is odd, one can even 
obtain an example in which V K = 0. Take A to be the lattice Q(R) and 
define S: K -+ V/A by s(gJ = +/2 + a,+,/2 for i < k and s(g,) = 01~12 + 01,/2. 
In conclusion, we shall discuss the cases when dim V equals 2 or 3. When 
dim V = 2, every point group is either generated by reflections or else is the 
rotation subgroup of such a group. Proposition 2 rules out all possibilities 
except A, and Al+; in each of these cases there is precisely one space form. 
When dim V = 3, a point group is either (i) generated by reflections, (ii) 
the rotation subgroup of a group under (i), (iii) obtained by adding - 1 V to 
certain groups under (i) and (ii), or (iv) one of three groups, all of 
which contain rotary reflections without nonzero fixed points. Proposition 2 
rules out the groups under (iii) and (iv). From the possible rotation groups, 
Proposition 4 rules out the cases (A, x A,)+, (B, x A,)+, (Ga x A,)+ and 
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A,+ since they all contain a pair of rotations whose axes are neither equal nor 
orthogonal. We are thus left with groups of type A, and A, x R, under (i) 
and groups of type /II+, (A, x A,)*, (A, x A, x A,)+, R2+, Ba+ or Gs+ 
under (ii). Using the methods of [l] and [4], together with Proposition 4, one 
finds that in each of the cases under (i) there are two space forms, while in 
those under (ii) there is only one. Most of these are apparent from our earlier 
constructions, so that we shall confine ourselves to discussing only the case 
A, x A, in detail. 
Let (CX~ , ~3 be a basis of a root system R in VK for which W(R) = K. 
Applying Proposition 4 to the element sasr shows that fl = /lK @/I,. 
The lattice fl, can be taken as either Q(R) or spanned by Q(R) and (olr + ~xa)/2~ 
In the second case, a cocycle t: K -+ V/A may be assumed to take its values in 
F/AK; however, since 2t(s,) and 2t(sJ must be in AK, one of the elements 
Z(Q), E(sJ and t(s& = t(sr) + f( s2 must be zero, contrary to Proposition 1. ) 
We are thus left with the case when fl = dK @Q(R). There are then two 
inequivalent cocycles: 
(4 W = P/2 f 42 
%?) = 42 
where {/3j is a basis of AK. 
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